Introduction
This review is a class project for Professor James Morrow's undergraduate honors mathematics course at the University of Washington in the spring of 2009. It was an honor and pleasure to be a student in Professor Morrow's course, and I thank him for inspiring me to study mathematics.
This review explores fractal tiling of the plane as discussed in Symmetries of Fractal
Tilings by Palagallo & Salcedo (2008) [4] . For a more in depth read on fractals the reader is highly encouraged to look into The Fractal Geometry of Nature by Benoît B. Mandelbrot. 
Fractals

Fractal Fundamentals
In the late 20 th century, mathematician Benoît Mandelbrot introduced the study of fractals.
A fractal is a complex geometric figure that continues to display self-similarity when viewed on all scales. Mandelbrot developed the idea of fractional dimension, and coined the term fractal. One of the fundamental characteristics of fractals is that the length of its boundary is infinite, but its area is finite. The examples of fractals presented in this review appear strange and exotic, but fractals are in fact inherent in nature. They appear in the formation of clouds, mountain ranges, trees etc. [5] . In this review we provide the mathematical background for understanding the definition of a fractal, and then give the algorithm for constructing fractals in the plane. Let us commence with the formal definition of a fractal as stated by Mandelbrot [3] .
Definition 1.
A fractal is a set for which the Hausdorff Besicovitch dimension (dimension of a fractal) D strictly exceeds the topological dimension D T . Where D T is always an integer and every set with a noninteger D is a fractal.
In order to understand Definition 1, we provide some background from set theory and point set topology.
Definition 2.
A space X is a set. The points of the space are the elements of the set.
Definition 3. Let X be a non-empty set. A real-valued function d defined on X × X, i.e.
ordered pairs of elements in X, is called a metric or distance function on X if and only if it satisfies, for every a, b, c ∈ X the following axioms:
Definition 5. Let (X, d) be a complete metric space. The H (X) denotes the space whose points are the compact subsets of X, other than the empty set.
Definition 6. A family of sets C = {C i } i∈I is said to be a covering of a set E (or to cover Definition 8. Let X be a nonempty set. A collection T of subsets of X is a topology on X if and only if T satisfies the following axioms:
O1: ∅ (empty set) and X are in T .
O2:
The union of the elements of any subcollection of T is in T .
O3:
The intersection of the elements of any finite subcollection of T is in T . The topological space (X, T ) has a topological dimension D T if, for every covering C , has a refinement C such that ∀x ∈ X occurs in at most D T + 1 sets in C , and D T is the smallest such integer.
Definition 9. A refinement of a covering C of E is another covering C of E such that each set C j in C is contained in some set belonging to C . The word fractal is derived from the Latin word frāctus, meaning broken, shattered, or having been broken. This is appropriate because the meaning we wish to preserve is "irregular fragments". The fractal dimension gives a way to compare fractals [1] .
A more intuitive way of interpreting the fractal dimension is to consider the geometric 
Lévy Dragon
The Lévy Dragon Fractal, also known as the Lévy C Curve invented by a French mathematician Paul Pierre Lévy, is constructed from the base pattern +F--F+. Where + means to turn 45
• , F means to draw a line, and -means to turn −45
• . This pattern expanded recursively produces the beautiful symmetric fractal illustrated in Figure 5 . The fractal was generated in Java, and the color was changed every few iterations to help display the growth of the fractal. 
For a given number of bounded sets, the interior of each set does not intersect the interior of any other sets, i.e. the tiling will have no over lap.
For the first example, the plane is tiled with closed unit squares. Each square is labelled 1 − 9 starting from the lower left corner and ending at the top right corner as in Figure 6 . . The tile T is connected because it is composed of connected sets, but does not have a connected region.
Definition 12. A topological space X is said to be connected if and only if there does not exist a pair of open nonempty subsets E and F such that E ∩ F = ∅ and E ∪ F = X.
Definition 13. A region R is simply connected if it has no holes; all closed curves can be shrunk to a point without passing through points in R c . For each iteration the color is changed to show that no square coincides with another, and that the self-similarity of the fractal is preserved. 
Triangle Tiling
Presented here is my own fractal tiling of the plane using triangles. We begin with a triangle tiling of the plane. As with the square tiling, triangle tiling requires an allowable pattern.
In Figure 14 the triangle outlined in black will serve as our base figure 
Underlying Mathematics in Tiling
To tile the entire R 2 plane we need to think in two dimensions. Let M be a (2 × 2) square matrix with integer entries, where the columns represent the scaling factors of our tile, then
The number s is called a contractivity factor of f .
so that the square is scaled to 1/9 the original size of both the x and y components. The addition of r j serves to translate the image. Its initial integer coordinates (x, y) given as the lower left corner of each of the n 2 squares in the selected pattern. The set of functions {f j } and the set of vectors {r j } is special because together they satisfy the requirements such that the iterated function system will converge to a compact set, called the attractor.
In other words the functions will converge to our desired tiling.
Definition 16. An iterated function system consists of a complete metric space (X, d)
together with a finite set of contractive mappings w n : X → X, with respect to contractivity factors s n , for n = 1, 2, . . . , N .
Theorem 1. Let {X; w n , n = 1, 2, ..., N } be a hyperbolic iterated function system with contractivity factor s. Then the transformation W : H (X) → H (X) defined by
for all B ∈ H (X) is a contraction mapping on the complete metric space H (X, h(d)) with contractivity factor s. That is
for all B, C ∈ H (X). Its unique fixed point, A ∈ H (X), obeys
and is given by A = lim n→∞ W on (B) for any B ∈ H (X)
Definition 17. The fixed point A ∈ H (X) described in Theorem 1 is called the attractor of the iterated function system.
Julia Sets (Fractals and Complex Analysis)
Let f (x) be an analytic function that maps the extended complex plane C * onto itself, and let R(z) = P (z)/Q(z) where x ∈ C * . The Julia set is the set of points of the iteration of • J R = ∅ and contains more than countable many points.
• The Julia sets of R and R k , k = 1, 2, 3, ..., are identical.
• R(J R ) = J R = R −1 (J R ).
• ∀ x ∈ J R the inverse orbit O −1
r (x) is dense in J R .
• If γ is an attractive cycle of R, then A(γ) ⊂ F R = {C ∪ ∞} − J R and ∂A(γ) = J R 
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